Introduction.
The mathematical and physical shortcomings of Fourier's law of heat conduction are well known. However, with the development of history-dependent theories of heat conduction, some of the unsatisfactory features of the classical theory are removed. In particular, the prediction of finite thermal pulse propagation is possible within these general theories. Notable amongst these general theories are those proposed by Coleman and Gurtin [1] and Gurtin and Pipkin [2] , The linear theory of [1] is constructed by Nunziato [3] , It differs from the linear theory in [2] since the theory of Coleman and Gurtin allows the heat flux vector at time t, q (t), to depend not only on the history of the temperature gradient but also on the present value of the temperature gradient.
In this article we are concerned with the linear theory of [1] , So in the next section we set out the anisotropic form of the theory established in [3] . After further necessary preliminaries in Sec. 2 we state the conditions in Theorem 1 of Section 3 which ensure that solutions of the equations governing heat flow depend continuously on the history before t = 0, the initial value of the temperature, and the heat supply r per unit volume and time (which are collectively referred to as the 'data' in the sequel). This result is valid for any bounded domain D of Euclidean three-space R3 which possesses a boundary 2 smooth enough to permit applications of the divergence theorem. We complete Sec. 3 with a corollary to Theorem 1 in the form of a uniqueness theorem which generalizes results in [3, 4] , In the final section we extend the scope of Theorem 1 so that it becomes valid on the exterior 8 of a bounded domain in R3 with 6 = R3\A where D is the closure of D. This result is embodied in Theorem 3. A corollary of Theorem 3 provides a new uniqueness result for the linearized version of the theory in [1] which applies to some unbounded regions.
Equations, definitions and notation.
In order to put this present work in the context of existing results, we begin by stating the mixed history boundary-value problem for the linear theory in [1] . We observe that the theory analyzed here is the anisotropic form of the theory derived by Nunziato [3] . We employ the usual index notation with summation over repeated indices, and Latin lower-case indices range over the values 1, 2, 3. Let Xi be the components of a typical place x £ V where for now V denotes either D or S. The time is restricted to the open interval (-<*>, T) where T is finite.
For anisotropic, inhomogeneous rigid heat conductors the internal energy e and the heat flux vector satisfy the equations: e = r -qiti ; (2.1) e(x, t) = c(x)0(x, t) + J (3{x, t -r)0(x, r) dr; (2.2) and q,{x, 0 = -k,,(x)(/,(x, 0 -J a.,(x, t -r)<7,(x, t) dr, (2.3) where 0 is the temperature deviation from some homogeneous reference temperature, g = V0 is the temperature gradient, c is the specific heat, k is the instantaneous thermal conductivity tensor and a and /3 are further material constants. A superposed dot denotes the time derivative and a comma followed by the index i represents differentiation with respect to xx . We observe that if k is identically zero then the heat flux vector is independent of the present value of the temperature gradient and in this case the linear theories of [1, 2] q(x, t) n = q*(x, t), 2, X (0, T); 0(x, t) = 0*(x, t), S2 X (0, T) (2.6) where n is the unit outward normal on 2! and 2, VJ 22 = 2, together with the history
We will refer to Eqs. The model 31Z has the desirable feature of predicting finite thermal wave speeds. This property has proved useful in theoretical calculations on experimental observations in some materials at low temperatures (see for example Nunziato [3] ). With k = 0 the wave propagation property has also been employed by Finn and Wheeler [5] to investigate uniqueness for an isotropic, homogeneous version of 911. The proof in [5] is valid for unbounded domains and follows the method outlined in the comprehensive article on linear elastodynamics by Wheeler and Sternberg [6] , More recently Herrmann and Nachlinger [7, 8] have utilized the wave propagation property to establish some uniqueness results for a nonlinear version of 9TI. However, all the theorems in [7, 8] for unbounded regions require k to be identically zero. In [8] the authors do prove a result for a nonlinear form of 201 with conditions equivalent to (2.8) above, but their result is restricted to bounded domains D only.
In this present approach we introduce a combination of two methods due to Protter and Graffi. This combination is different in concept from that adopted in [5] [6] [7] [8] and it leads to new results for 9(11 given by Theorems 3 and 4 of Sec. 4 below. The Protter method is essentially an energy argument and has been used by the present author to determine some uniqueness and stability results for linearly viscoelastic materials contained in a bounded domain D (for further details of this method the reader is referred to [9] ). Strictly speaking it is an adaptation of the Protter method which is employed here in Sec. 3 to prove Theorems 1 and 2. Then in the final section the Graffi method is applied to extend the scope of Theorems 1 and 2 into the exterior S of a bounded domain. Graffi [10] employs his method to construct uniqueness results for solutions of the Navier-Stokes equations. The Graffi method also appears in [11] [12] [13] where analytic continuation, uniqueness and continuous dependence results are presented. The combination of the Protter and Graffi methods is quite novel and provides an alternative approach to that described in [5] [6] [7] [8] ,
We fix our origin of coordinates within D. Let S(R) be the sphere of radius R centred at the origin and find the smallest radius R = Rm such that S(Rm) 3 D. Then, for R G [#m , ro) we put 0 = n(R) = S(R)\D (2.10)
and we take <r = <r(R) as the surface of S(R). Next, we define the following measures over V where V now denotes either D or il\
where dx is the volume element. We note that when V = 0 both the above measures are also functions of R in general and so in Sec. 4 we will write h(t) -h(t, R) and g(t) = g(t, R) to emphasize this dependence. Moreover, we define
Jo Jo and E{t) = H{t) + hG(t), (2.13) where n is a constant yet to be determined. Finally, we observe that in seeking continuous dependence results with the dependence on the "data" it is sufficient to take q* = e* = 0 (2.14)
in Eqs. (2.6). We will make the necessary assumptions on the initial value of the temperature, the history of the temperature before t = 0 and the heat supply at appropriate stages in the sequel. For complete generality we could include changes in q* and 6*, but this is not attempted here.
3. Some results on a bounded domain. On multiplying Eq. (2.4) at t = r by 6(t) and integrating over V we obtain Ut) + k(j{t) < f {Q(t)0(t) + ak(r)gk(r) -/3(O)02(t)} dx In the remainder of this section we restrict our attention to bounded domains only and we take V = D. We say that 6(t) is a classical solution of 911 if:
(i) it is continuously differentiable with respect to time and twice continuously differentiable with respect to space;
(ii) 6(t) satisfies Eqs. (2.4)-(2.7) and (2.14) for given "data".
We assume that such solutions exist and in this section we suppose that max S/i(0), f Q2(t) dx, f ak(t)ak(t) dx\ = e, 0 < e < 1. This result implies Holder continuity (see [9] for further details of and reference to Holder continuity) and the theorem is proved. We also have the simple corollary: We therefore conclude that 6(t) = 0 for all t <G [0, T). 4 . Some theorems for an exterior domain. Throughout this section we have V = and by means of the Graffi method we extend the scope of Theorems 1 and 2. We say that 0(t) is a classical solution of 3TC if in addition to (i) and (ii) of the previous section we suppose that (iii) the measure E(t) = E(t, R) satisfies the condition E(t, R) < C exp (|pi?), (4.1) where C is a positive constant and 0 < p < p{ with Vi='■ (4-2)
We again presume that such solutions do exist. Once more we allow changes in the initial value of the temperature, its history before t = 0 and the heat supply. Thus, we generalize condition (3.5) and assume that
with Q another positive constant and 0 < e « 1. Hence, on integrating this differential inequality over [R, 2R] and applying the hypothesis (4.1), we can write E(t, R) < C exp «p -",)«) + 8ep,r{l + J + i) + . R\ <4.12)
Thus, since p! > p by assumption and H(t, R) < E(t, R) is a nondeereasing function of R for fixed t, we can compute a constant k such that We note that Theorem 4 is a new uniqueness result for the linearized version of the theory in [1, 3] , Although this theorem is valid for the exterior of a bounded domain in R3 it fails to generalize Theorem 1 of [8] which proves uniqueness for the nonlinear counterpart of 3TI on a bounded domain. However, the Protter method is not restricted to linear problems (see for example Beevers [14] ) and it may be that further extensions of Theorem 4 for nonlinear heat flow problems are possible.
It is also worthy of note that results similar to Theorems 3 and 4 can be established for the linear theory proposed by Gurtin and Pipkin [2] . The method as described above is the same but restrictions (2. It is also necessary to extend the boundedness assumptions in (2.9) to include 13, a, a and the matrix with the components audi, . Conditions (4.17) are the same as those required to prove a series of uniqueness theorems for the Gurtin and Pipkin theory by Herrmann and Nachlinger [7, 8] . However, these results in [7, 8] are valid for nonlinear tenperature deviations as well as any unbounded domain. The only advantage, then, of the present method over that adopted in [7, 8] would seem to be in the form of the boundary conditions. For the Protter-Grafh method allows genuine mixed boundary conditions without any restriction on the energy rate. However, Herrmann and Nachlinger [8] , using the wave propagation property, establish a uniqueness theorem for solutions of a nonlinear version of 3TI provided that the energy rate is independent of the present value of the temperature. This restriction on 3TC is removed in [7] but only if the temperature is prescribed on the whole boundary.
